In this paper we give a sufficient condition of the existence of W t -approximation representations. We also introduce the notion of property (W k ). As an application to the existence of W t -approximation representations we give a relationship among the finitistic dimension conjecture, the Auslander-Reiten conjecture and property (W k ).
Introduction
In homological algebra and representation theory of algebras, the following is an important and interesting question, which is connected with the finitistic dimension conjecture.
Question: For a ring Λ, are the left and right self-injective dimensions of Λ identical?
Zaks [24] claimed that the answer is affirmative for a left and right noetherian ring if both dimensions are finite. Such rings are called Gorenstein.
For a positive integer k, Auslander and Reiten in [5] initiated the study of k-Gorenstein algebras, which has stimulated several investigations. They showed that the answer to Question above is positive in case Λ is an artin k-Gorenstein algebra for all k. They also gave the relationship between Question above and the finitistic dimension conjecture (resp. the contravariant finiteness of the full subcategory of mod Λ consisting of the modules M with Ext i Λ (M, Λ) = 0 for any i ≥ 1). Auslander and Reiten [6] and the author [15] characterized a noetherian algebra Λ satisfying the condition that the left flat dimension of the ith term in a minimal injective resolution of Λ as a right Λ-module is less than or equal to i for any 1 ≤ i ≤ k. For example, this condition is equivalent to that the strong grade of Ext i+1 Λ (M, Λ) is more than or equal to i for any M ∈ mod Λ and 1 ≤ i ≤ k. In [16] We called Λ a quasi k-Gorenstein algebra if it satisfies the above equivalent conditions. A k-Gorenstein algebra is clearly quasi k-Gorenstein. However, also from [16] we know that there are quasi k-Gorenstein algebras which are not k-Gorenstein; and contrary to the notion of k-Gorenstein, the notion of quasi k-Gorenstein is not left-right symmetric. We showed in [18] that the answer to Question above is also positive if Λ is an artin quasi k-Gorenstein algebra for all k.
One of the main result in [16] is that if Λ is a quasi k-Gorenstein algebra then every module in mod Λ has a W t -approximation representation for any 1 ≤ t ≤ k. In Section 3 we also give a sufficient condition of the existence of W t -approximation representations. Let Λ be a left and right noetherian ring and k a positive integer. For any 1 ≤ t ≤ k we show that a module M in mod Λ has a W t -approximation representation if the strong grade of Ext i+1 Λ (M, Λ) is more than or equal to i for any 1 ≤ i ≤ k − 1. This develops the main result in [16] and [2] Proposition 2.21. We then study the homological finiteness of the full subcategory of mod Λ (resp. mod Λ op ) consisting of the modules with projective dimension less than or equal to k. Particularly, we show that such an subcategory of mod Λ op over an artin quasi k-Gorenstein algebra Λ is functorially finite in mod Λ op .
In [5] Auslander and Reiten posed a conjecture that an artin algebra is Gorenstein if it is kGorenstein for all k. The famous Nakayama conjecture is a special case of this conjecture. We introduce in Section 2 the notion of property (W k ): each W k -module in mod Λ is torsionless; and then give some equivalent conditions of property (W k ) (for example, for a positive integer k, it is equivalent to that each W k -module in mod Λ is reflexive), by using which we show that if the strong Nakayama conjecture holds for Λ then the left self-injective dimension of Λ is less than or equal to one implies that its right self-injective dimension is also less than or equal to one. As an application to the results obtained in Section 3 we show in Section 4 the equivalence of the Auslander-Reiten conjecture and property (W k ) and give the relationship between the finitistic dimension and property (W k ). Let Λ be an artin quasi Auslander algebra (that is, it is artin quasi k-Gorenstein for all k)
and k a non-negative integer. We show that Λ is Gorenstein with self-injective dimension less than or equal to k if and only if Λ has property (W k ) if and only if k − 1 ≤ the finitistic dimension of Λ ≤ k.
We then conclude that in order to verify Nakayama conjecture (for any artin algebra) it suffices to verify the finitistic dimension conjecture for (quasi) Auslander algebras. 
Definitions and notations
In the following we give some definitions and notations in our terminology which are often used in this paper.
Unless stated otherwise, Λ is a left and right noetherian ring. We use mod Λ to denote the category of finitely generated left Λ-modules and P k (Λ) (resp. P ∞ (Λ)) to denote the full subcategory of mod Λ consisting of the modules with projective dimension less than or equal to k (resp. the modules with finite projective dimension). For a left (resp. right) Λ-module M , l.pd Λ M and l.id Λ M (resp. r.pd Λ M and r.id Λ M ) are denoted the left projective dimension and the left injective dimension (resp. the right projective dimension and the right injective dimension) of M , respectively. In addition, we recall from [4] the following definition. However, Λ here is not necessarily an artin algebra.
Assume that C ⊃ D are full subcategories of mod Λ and C ∈ C, D ∈addD, where addD is the full subcategory of mod Λ consisting of all Λ-modules isomorphic to summands of finite direct sums of modules in D. The morphism D → C is said to be a right D-approximation of C if
The subcategory D is said to be contravariantly finite in C if every module C in C has a right D-approximation. Dually, we define the notions of left D-approximation and covariantly finite. The subcategory of D is said to be functorially finite in C if it is both contravariantly finite and covariantly finite in C. The notions of contravariantly finite subcategories, covariantly finite subcategories and functorially finite subcategories are referred to as homologically finite subcategories.
We also list some famous homological conjectures.
Finitistic Dimension Conjecture (FDC): fin.dimΛ =sup{l.pd Λ M |M ∈ mod Λ and l.pd Λ M is finite} is finite for any artin algebra Λ.
A brief history and some recent development of FDC were given in [25] .
Auslander-Reiten Conjecture (ARC): An artin Auslander algebra is Gorenstein.
Nakayama Conjecture (NC): An artin algebra is self-injective if each I i is projective for all i.
Let us recall the relationship of the conjectures mentioned above. It is shown in [23] that FDC implies NC and in [5] that ARC implies NC.
Property (W k )
In this section we introduce the notion of property (W k ) and then give some characterizations of property (W k ) and applications to them.
Let A ∈mod Λ (resp. mod Λ op ) and σ A : A → A * * via σ A (x)(f ) = f (x) for any x ∈ A and f ∈ A * . A is called torsionless if σ A is a monomorphism; A is called reflexive if σ A is an isomorphism.
We remark that by [19] Lemma 2.1 it is easy to see that a module in mod Λ is torsionless (resp. reflexive) if and only if it is 1-torsionfree (resp. 2-torsionfree) (see [2] or [6] for the definition of k-torsionfree modules). For a positive integer t, recall that a module M ∈mod Λ (resp. mod Λ op ) is
The following lemma is useful for the rest of this paper, which is of independent interest.
Lemma 2.1 For a positive integer k, the following statements are equivalent.
(
(1) ⇒ (3) The proof is essentially the same as that of (1) 
It ( (1) r.id Λ Λ ≤ 1.
(2) Λ has property (W 1 ).
(3) Each torsionless module in mod Λ is reflexive.
Proof. The equivalence of (1), (3) and (4) (1) implies (2). Let A be torsionless in mod Λ op and 
Λ (X, Λ) = 0 and then by the statement (2) X is torsionless. So from the exact sequence (2) we know that A is a W 1 -module and also by (2) A is a W ∞ -module. Then it is easy to get that r.id Λ Λ ≤ 1. This proves (2) implies (1). We are done.
Corollary 2.4
op The following statements are equivalent.
(1) l.id Λ Λ ≤ 1.
(2) Λ has property (W 1 ) op .
(3) Each torsionless module in mod Λ op is reflexive. 
By the exactness of (3) (4) we have a long exact sequence: 
be an injective resolutions of Λ as a right Λ-module. We shall say that such an exact sequence has a redundant image if there is a positive integer n such that Imδ n has a decomposition ⊕ m j=1 T j with each T j isomorphic to a direct summand of some Imδ ij with i j = n (see [12] ). Following [12] Theorem 2, SNC is true for Λ if Λ Λ has an injective resolution with a redundant image.
Corollary 2.7
If Λ Λ has an injective resolution with a redundant image, then l.id Λ Λ ≤ 1 implies
From Lemma 2.1 it is easy to get Corollary 2.8 SNC is true for Λ if Λ has property (W ∞ ).
By Theorem 2.6 and Corollary 2.8 we have
We use W t (resp. W ∞ ) to denote the full subcategory of mod Λ consisting of W t -modules (resp. W ∞ -modules). For a positive integer t, we call an exact sequence 0 [16] ). The corresponding notions in mod Λ op may be given dually. We showed in [16] that every module in mod Λ has a W t -approximation representation for any 1 ≤ t ≤ k if Λ is a quasi k-Gorenstein algebra. Actually, the argument we use in proving [16] Theorem 1 proves the following more general result (or c.f.
[2] Proposition 2.21).
In this section we develop this result and show that a module M ∈mod Λ has a W t -approximation
We first give the following easy observation.
Proof. For any D ′ ∈ D, consider the following diagram:
v v n n n n n n n n n n n n n n
Proof. We proceed by induction on k. The case k = 1 follows from [22] Lemma 6.9. Now suppose that k ≥ 2 and a module M ∈ mod Λ satisfies s.gradeExt
is torsionless by [2] Proposition 3.17. We conclude that if k ≥ 2, then K k−1 (L) is torsionless. On the other hand, L is torsionless since it is a submodule of the projective module P . Then by [6 
So there is a homomorphism δ : Q * → P such that δh = f β and hence we have the following commutative diagram with exact rows and columns:
By the Snake Lemma we have an exact sequence:
By the exactness of 0
On the other hand, by the exactness of 0 Remark. A k-Gorenstein ring (resp. an Auslander ring) is clearly quasi k-Gorenstein (resp. quasi Auslanderian). However, We gave examples in [16] to explain that there are quasi k-Gorenstein rings (resp. quasi Auslander rings) which are not k-Gorenstein (resp. Auslanderian); and contrary to the notion of k-Gorenstein (resp. Auslanderian), the notion of quasi k-Gorenstein (resp. quasi Auslanderian) is not left-right symmetric.
By We know that it is interesting to know when P k (Λ) is homologically finite. Of the homological finiteness of P k (Λ), for an artin algebra Λ the following results are known:
(1) It is easy to see that P 0 (Λ) is functorially finite.
(2) P 1 (Λ) is covariantly finite [4] ; P 1 (Λ) is contravariantly finite if the projective dimension of the injective envelope of Λ as a left Λ-module is less than or equal to one [20] (Dually, we have that
is contravariantly finite in mod Λ op if Λ is a quasi 1-Gorenstein algebra).
(3) P k (Λ) is functorially finite if Λ is of finite representation type, where k ∈ N {∞} (N denotes positive integers) [4] .
(4) P k (Λ) is contravariantly finite if Λ is stably equivalent to a hereditary algebra, where k ∈ N {∞} [4, 13] .
In [4] Auslander and Reiten showed that if P ∞ (Λ) is contravariantly finite in mod Λ then FDC holds for Λ. However, in [20] Igusa, Smalφ and Todorov pointed out that P k (Λ) and P ∞ (Λ) are not always contravariantly finite in mod Λ.
In the following we will study the homological finiteness of P k (Λ op ) (the full subcategory of mod Λ op consisting of the modules with projective dimension less than or equal to k) and P k (Λ) over a quasi k-Gorenstein algebra (or ring) Λ.
Lemma 3.7 Let Λ be a quasi k-Gorenstein algebra. For a non-negative integer n, we use Ω n (mod Λ) to denote the full subcategory of mod Λ consisting of n-syzygy modules.
Lemma 3.8 Let Λ be an artin algebra. Then Ω n (mod Λ) is functorially finite in mod Λ for any n.
Proof. See [9] Section 3.
For a non-negative integer n, we use I n (Λ) to denote the full subcategory of mod Λ consisting of the modules with injective dimension less than or equal to n. Recall that a contravariant functor F from mod Λ to the category of Abelian groups is said to be finitely generated if there is some X in mod Λ such that Hom Λ ( , X) → F → 0 is exact.
Lemma 3.9 Let Λ be an artin quasi k-Gorenstein algebra. Then
Proof. Since Ω k (mod Λ) is functorially (especially, contravariantly) finite in mod Λ by Lemma 3.8, we know from [7] that Ext We don't know whether P k (Λ) is covariantly (or contravariantly) finite in mod Λ for an (artin) quasi k-Gorenstein algebra Λ. However, as an application to Theorem 3.3 we have the following result.
Proof. Following Theorem 3.3, we assume that 0
From the proof of Theorem 3.3 we know that there is an exact
. Consider the following push-out diagram:
From the middle row we know that l.pd Λ F ≤ k. Since E ∈ W k+1 , it is easy to see that the exact
Corollary 3.12 Let Λ be a quasi k-Gorenstein ring.
(2) If Λ has property (W k+1 ), then P k+1 (Λ) is covariantly finite in mod Λ.
Proof. Notice for a quasi k-Gorenstein ring Λ we have s.gradeExt t+1 Λ (M, Λ) ≥ t for any M ∈mod Λ and 1 ≤ t ≤ k (see [6] Proposition 2.2). So the claim (1) follows from Proposition 4.11. and by a similar argument of to that in proving Proposition 4.11 we get the claim (2).
In the rest of this section, Λ is an artin algebra. We in addition give some properties for quasi k-Gorenstein algebras. 
We are done.
Since the notion of k-Gorenstein algebras is left-right aymmetric, by Proposition 3.13 we have the following Corollary 3.14 Let Λ be a k-Gorenstein algebra. Then
Theorem 3.15 Let Λ be a quasi k-Gorenstein algebra. Then for any N ∈ mod Λ op there are exact sequences:
where
Proof. From [6] Theorem 4.7 and the dual statement of Theorem 3.1 we get the exact sequence (6) . By Theorem 3.10, P k−1 (Λ op ) is covariantly finite in mod Λ op and any N ∈ mod Λ op has a minimal left
Then by Wakamatsu's Lemma (see [4] Lemma 1.3), we have Ext
op by Proposition 3.13 and we get the exact sequence (7).
A natural question is: when is the minimal left
the exact sequence (7) monomorphic? If N is torsionless in mod Λ op , then the answer to this question is clearly positive.
Property (W k ) and homological conjectures
In [5] Auslander and Reiten conjecture that an artin Auslander algebra is Gorenstein (ARC).
The famous Nakayama Conjecture (NC) is a special case of FDC (resp. ARC). In this section we give a connection among FDC, ARC and property (W k ) as follows. (1) Λ is Gorenstein with self-injective dimension less than or equal to k.
Notice that NC is a special case of ARC. So we know from Theorem 4.1 that in order to verify NC (for any artin algebra) it suffices to verify FDC for (quasi) Auslander algebras.
To prove this theorem we need some lemmas.
Proof. By the dual statement of [19] Theorem 2.2.
The following result says that the converse of Lemma 4.2 holds for a quasi k-Gorenstein ring Λ.
Lemma 4.3 Let Λ be a quasi k-Gorenstein ring (especially, a quasi Auslander ring) with property
Proof. Let Λ be a quasi k-Gorenstein ring and M any module in mod Λ. By Corollary 3.5 there is a W k -approximation representation of M :
By using the latter claim of Corollary 3.6 and a similar argument to that in proving Lemma 4.3, we have the following result, which says that the converse of Corollary 2.3(1) holds for a quasi k-Gorenstein algebra Λ.
Lemma 4.4 Let Λ be a quasi k-Gorenstein algebra (especially, a quasi Auslander algebra) with The following result is well known.
Lemma 4.7 Let Λ be a quasi Auslander ring. Then l.id Λ Λ ≤fin.dimΛ + 1.
Proof. Without loss of generality, we assume that fin.dimΛ = k < ∞ and M is any module in mod Λ. By Corollary 3.5, for any i ≥ 1 there is a W k+i+1 -approximation representation of M :
Proof of Theorem 4.1. By Lemma 4.5 we get the equivalence of (1), (2) and (2) op . That (2) (resp.
(2) op ) implies (3) op (resp. (3)) follows from Lemma 4.2 (resp. Corollary 2.3), and (3) op (resp. (3)) implies (2) (2) and (4) are equivalent. We are done.
Corollary 4.8 Let Λ be an artin quasi Auslander algebra. If Λ Λ has a ultimately closed injective resolution, then Λ is Gorenstein.
Proof. By Theorem 4.1 and Corollary 2.3.
Finite homological dimensions
The notation of W ∞ coincides with that of ⊥ Λ in [4] . In the former part of this section we use ⊥ Λ instead of W ∞ . Let M ∈ mod Λ and n a non-negative integer. If M admits a resolution (of [17] ). M is said to have Gorenstein dimension zero if it it satisfies the conditions:
written G-dim Λ M = n, if n is the least non-negative integer such that there is an exact sequence
with all X i having Gorenstein dimension zero (see [2] ). We noted that Gorenstein dimension of modules is an important invariant in homological algebra (see [11] ). It is clear that in general
In [17] we showed that for an artin algebra Λ, l.id Λ Λ < ∞ if and only if ⊥ Λ-dim Λ M < ∞ for each M ∈ mod Λ if and only if G-dim Λ M < ∞ for each M ∈ mod Λ. Here we give the following
We first give the following lemma, which is the non-commutative version of [2] Theorem 4.13.
Proof.
(1) The case k = 1: Let 0 → K f → P → M → 0 be an exact sequence in mod Λ with P projective. Then by [2] Theorem 3.13 we have G-dim Λ K = 0, which implies that K is is in ⊥ Λ.
Notice that Ext 1 Λ (M, Λ) = 0 by assumption, so M is also in ⊥ Λ.
Consider the following commutative diagram with exact rows and columns and last two rows splitting:
It follows from the snake lemma that 0 
be exact in mod Λ op with P projective. Then the composition: Corollary 5.6 The following statements are equivalent.
(1) Λ has property (W ∞ ), that is, each W ∞ -module in mod Λ is torsionless.
(2) Each W ∞ -module in mod Λ is reflexive.
Let X be a contravariantly finite subcategory of mod Λ. Then for each module M in mod Λ we have a complex:
with X 0 → M a right X -approximation of M and each X i → Kerf i−1 a right X -approximation of Kerf i−1 for any i ≥ 1. Since X is contravariantly finite, we have an exact sequence:
We define pd (X ,mod Λ) M to be inf{n|the exact sequence (9) stops after n steps, that is, 0 →
We also define gl.dim(X , mod Λ) to be sup{ pd (X ,mod Λ) M |M ∈mod
Λ}.
On the other hand, if there is some n such that the complex (8) stops after n steps, that is, we
M and each X i → Kerf i−1 a right X -approximation of Kerf i−1 for any 1 ≤ i ≤ n, then pd X M is defined to be the smallest non-negative n such that the complex (8) stops after n steps. If no such n exists set pd X M = ∞. In addition, gl.dim X Λ is defined to be sup{ pd X M |M ∈mod Λ}.
Proposition 5.7 Let X be a contravariantly finite subcategory of mod Λ containing P 0 (Λ). Then
Proof. Clearly we have pd (X ,mod Λ) M ≤pd X M . Now suppose pd (X ,mod Λ) M = n < ∞. Because P 0 (Λ) is contained in X , the complex (8) is exact. In addition, because X is contravariantly finite in mod Λ, we know that
is also exact. On the other hand, put K i =Kerf i−1 for any i ≥ 1, we also have an exact sequence:
So Hom Λ (X , X n ) ∼ = Hom Λ (X , K n ) and hence Hom Λ (X , K n+1 ) = 0. Now consider the exact sequence
an isomorphism, which yields that Hom Λ (X n+1 , K n+2 )
is also an isomorphism and α is an epimorphism and hence an isomorphism. So K n+1 = 0 and pd X M ≤ n.
This finishes the proof.
Corollary 5.8 Under the assumptions of Proposition 5.7, we have gl.dim(X , mod Λ) =gl.dim X Λ.
The following corollary is an immediate result of Corollary 3.5.
Proposition 5.9 Let Λ be a quasi k-Gorenstein ring. Then pd (W t ,mod Λ) M ≤ t for any M ∈mod Λ and 1 ≤ t ≤ k + 1 and so gl.dim(W t , mod Λ) ≤ t.
Proof. By Corollary 3.5, for any M ∈mod Λ and 1
For a W t -module A, it is easy to see that A is projective if l.pd Λ A ≤ t − 1. Now consider the W t -approximation representation of K t (M ) we get easily our conclusion.
For a subcategory X of mod Λ we useX to denote the subcategory of mod Λ consisting of the modules C for which there is an exact sequence 0 → X n → · · · → X 1 → X 0 → C → 0 with all X i in X (see [4] ).
Theorem 5.10 Let Λ be an artin quasi Auslander algebra. Then the following statements are equivalent.
(1) Λ is Gorenstein.
(2) W ∞ is contravariantly finite and gl.dim(W ∞ , mod Λ) is finite.
(3) W ∞ is contravariantly finite and pd (W ∞ ,mod Λ) M is finite for any M ∈mod Λ.
(4) W ∞ is contravariantly finite and gl.dim W ∞ Λ is finite.
(5) W ∞ is contravariantly finite and pd W ∞ M is finite for any M ∈mod Λ.
(6) fin.dimΛ is finite.
Proof. The equivalence of (1) and (6) follows from Theorem 4.1, and that (2) implies (3) and (4) implies (5) are trivial. Because P 0 (Λ) is contained in W ∞ , from Corollary 5.8 (resp. Proposition 5.7)
we know that (2) and (4) (resp. (3) and (5) Theorem 5.5 that Λ Λ is cotilting and so Λ is Gorenstein. This proves (5) implies (1). We are done.
In view of Theorem 5.10 it would be interesting to know when W ∞ is contravariantly finite.
Conjectures
From the result obtained above, as far as W ∞ is concerned, two problems are worth being studied:
when is a module in W ∞ torsionless (that is, when has a ring Λ property (W ∞ 
